A hyperbolic mixed initial boundary-value problem is investigated in which the Neumann condition and the Dirichlet condition are given on complementary parts of the boundary. An existence and uniqueness result in Sobolev spaces with additional differentiation in the tangential directions to the interface is proved by obtaining energy estimates and applying a duality argument. The goal is the eventual analysis by the Wiener᎐Hopf method of the asymptotic behavior of the solution near the interface.
INTRODUCTION
There is a highly developed theory of elliptic mixed boundary value problems which applies the technique of factorization to analyze the Ž singularities which occur near the interface on the boundary see Vishik w x w x . and Eskin 7 and Eskin 3 . . As in the elliptic case, in a mixed initial boundary-value problem for a hyperbolic operator singularities arise near the interface even in the situation where the data are smooth. This paper is the first part of the analysis of singularities for the Dirichlet᎐ Neumann᎐Cauchy problem assuming smooth data. Under this assumption Ž . the ultimate result announced in Theorem 2 shows that the asymptotics for the singularities are the same as in the elliptic Dirichlet᎐Neumann problem, and that the singularities do not propagate.
The primary result proved in the present paper is an existence and uniqueness result in Sobolev spaces which contain a second index for tangential differentiation. Thus this result already contains within it tangential regularity of the solution, a necessary step in the attainment of the ultimate goal: the asymptotic expansion. Although investigation of the propagation of singularities is called for, this result analyzes precisely the type of singularity which arises under optimal conditions, that is, smooth data.
An energy estimate is obtained by the standard technique of integrating each side of the partial differential equation after multiplying by a derivative of the solution in the time-like direction, and existence is proved by a duality argument. To achieve tangential regularity in all tangential directions an a priori estimate from the theory of mixed elliptic boundary-value problems is used. It should be noted that the typical existence results for mixed hyperbolic problems are insufficient to prove tangential regularity since in these results there is a loss of one derivative as compared to the elliptic problem and the techniques developed to obtain regularity for elliptic problems will then fail.
Ž . The Dirichlet᎐Neumann᎐Cauchy problem is given on an n q 1 -dimensional C ϱ manifold X with boundary ⌺. The boundary ⌺ is time-like Ž . and divided into two open regions ⌺ and ⌺ by an n y 1 -dimensional Ž . In local coordinates x s x , . . . , x the second order hyperbolic opera-0 n tor P is given by
Ž . 
has one positive and n negative eigenvalues. To avoid considering compatability conditions we assume that the data are initially zero. More precisely, let be a C ϱ function from X to R with space-like level surfaces, and assume, moreover, that is a proper map. Then the Dirichlet᎐Neumann᎐Cauchy problem is given by
where f, g , and g vanish for -0 and XЊ is the interior of X. The
where b x, D is the Neumann operator with respect to the operator P. In local coordinates
, where x is a C section of the conormal j k bundle of ⌺. The mixed Dirichlet᎐Neumann᎐Cauchy problem models the acoustic pressure of an enclosed cavity in which sound is radiated into the cavity from one part of a non-absorbent wall, and the acoustic impedance vanishes on the remainder of the wall. The behavior on the complementary parts of the wall are modelled by a non-homogeneous Neumann condition and a homogeneous Dirichlet condition, respectively.
This mixed problem can also be considered an idealized scalar model for the dynamic problem of linear elasticity in which the displacement is known on one part of the boundary and the traction is known on the Ž . complement. The traction is analogous to the Neumann condition. Existence and uniqueness results for the elasticity problem were given in w x 2, Sect. III.4 , but regularity of the solution was not treated.
The Dirichlet᎐Neumann᎐Cauchy problem is one in a class of mixed w x initial-boundary value problems treated in 1 by reduction to a pseudodifferential equation on the boundary; however, the operators were assumed to be constant coefficient. Moreover, the a priori estimate for the w x problems treated in 4 , that is, mixed initial boundary value problems for second-order hyperbolic operators in which the uniform Lopatinski condition is satisfied, were obtained by reduction to a pseudo-differential equation on the boundary, and the existence proof was carried out by the method of elliptic regularization. A duality argument, rather than elliptic regularization, is used in the present treatment due to the non-ellipticity of the boundary symbol associated with the Neumann operator. The second paper, which will prove the result on the asymptotic behavior of the solution to the Dirichlet᎐Neumann᎐Cauchy problem, will also investigate w x the singularities of the class of problems studied in 4 .
The author is indebted to Professor Gregory Eskin for suggesting this problem as well as for reading the manuscript and offering helpful comments. The author also thanks the Max Planck Institute which supported him during the 1994᎐1995 academic year, during which part of the research for this paper was done.
EXISTENCE AND UNIQUENESS THEOREM
Let u represent the Fourier transform of u: 
The norms in H R , H R , will be denoted by , , and
A distribution u on a manifold without boundary consists of a system u of distributions, an arbitrary coordinate system, which satisfies the compatibility relationship There is no loss of generality in assuming that Ž jk . Ž . Ž . g is negative definite. Furthermore, in problem 6 ᎐ 8 , the j, ks1, . . . , n coefficients of the operator P are assumed to be constant outside a nq 1 compact set in R , and the conormal is assumed to be constant q outside a compact set in R n .
The operators ⌳, ⌳Ј, and ⌳Љ are modified for the half-space problem by Ž . Ž inclusion of an additional parameter , where we set ⌳ , s q
We now derive the basic energy estimate for the local version of the Dirichlet᎐Neumann᎐Cauchy problem.
Ž .
Ž . Ž . LEMMA 1. Let u и, be a solution of the boundary¨alue problem 6 ᎐ 8 tq1 nq1
Ž . with ⌳ u in H R
, for some real number t. Gi¨en data satisfying
satisfies the a priori estimate
Ž . part, and integrating by parts we get
where the conormal can, without loss of generality, be taken to be Ž . 0, . . . , 0, y1 , and where we have used the identities
Ž . We obtain a bound for the surface integral that appears in 10 assuming Dirichlet᎐Neumann boundary conditions: u s g on R n and Bu s g on
In the identity
Ž .
the second integral on the right-hand side vanishes. Thus, we get
By virtue of the inequality
Ž . and the negative definiteness of g , we get by 10 and 11 that j, ks1, . . . , n < < for sufficiently large
. If the original operators P x, D q i N see 1 and B are used we get an Ž . identity which is the same as 10 aside from an additional term which is a Ž . sesquilinear form in u, uЈ . The absolute value of this term is bounded by 5 5 < < Ž . C u . Hence, for large, the estimate 12 still holds.
Ž . Applying estimate 12 to¨we get estimate 9 since the term involving the commutator can then be absorbed by the left-hand side. Ž . Proof. Uniqueness follows from the a priori estimate 9 with t replaced by t y 1.
It follows from the divergence theorem that
Ž . Ž . Ž . whenever u is a solution of 6 ᎐ 8 and¨is a function in C R for 0 which¨s 0 on R n and B¨s 0 on R n . Considering as an additional q 1 y covariable the dual operator P* is a second-order partial differential Ž . operator whose principal homogeneous symbol is given by p x, y i N , Ž .
jk p x, s Ý g ; the operator B is a first-order operator whose princi-
Ž . Next we obtain that the right-hand side of 13 satisfies the bound In order to obtain regularity in ⌳Љ for the solution of the hyperbolic problem we make use of an a priori estimate from the theory of mixed boundary value problems for elliptic operators. The Sobolev spaces Ž nq 1 . H R are defined by taking the norm: 
where C is a constant independent of u.
The proof of this proposition is essentially a repetition of the proofs of w x Theorems 13.1 and 22.1 of Eskin 3 . One uses the fact that the factorization index of the corresponding boundary operator is one-half. 
